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Introduction
Recently there has been considerable interest in studying
the development of crystallinity in semi-crystalline poly-
mers, using simultaneous measurements of small and
wide-angle X-ray scattering (SAXS and WAXS) patterns.
The value of such measurements lies in the fact that it is
possible to relate changes in the local arrangements of
chains within crystalline lamellae, to developments in the
organisation of the lamellae within spherulites or other
large scale structures.  Performing the measurements
simultaneously removes any ambiguity over the nucle-
ation time of the crystallites being studied, allowing a
straightforward comparison between the two sets of scat-
tering data.  

Simultaneous small and wide-angle measurements are
now routine at a number of synchrotron X-ray sources
around the world, and several studies of polymer crys-
tallisation have been published [1-14].  A number of
authors have noted that, during isothermal crystallisation
of certain polymers from the melt, the small-angle pat-
terns appear to develop peaks before there is any sign of
crystalline scattering in the wide-angle region [10-13].
This observation has been interpreted by some as mean-
ing that there are density fluctuations in the melt, prior to
the formation of crystals.  This, in turn, has been used as
the basis for a new model of polymer crystalisation, based
on the phenomenon of spinodal decomposition [12,15].
In the spinodal model, molten material is said to separate
into regions with differing conformational disorder, and
hence different densities.  The denser regions, i.e. those
with more conformational order, are then viewed as the
places where crystal nucleation is most likely to occur. 

The main aim of the present paper is to examine the
experimental basis upon which the spinodal model was
built.  For this reason, the data of Terrill et al. (see Figure
2 of ref. [11]), which relate to the isothermal crystallisa-

tion of isotactic polypropylene (iPP), have been re-exam-
ined.  It will be shown that, for stacks of crystals with
small lateral width, it is possible to observe small-angle
scattering, when the wide-angle scattering is below the
threshold for observation.  Thus the evidence for a spin-
odal model is far from secure.

Method
The lamellar stack model
The model chosen consists of a stack of growing crys-
talline lamellae of iPP (see Figure 1). It is assumed that
the stack exists, a priori, on the grounds that such struc-
tures are found at the cores of spherulites of iPP and many
other polymers, and thus occur at the earliest stages of
crystallisation.  No attempt is made to explain the origin
of the lamellar stack.  It is assumed that the lamellae all
increase in width at the same linear rate, and that, at any
point in time, all crystallites have the same dimensions.
These assumptions may be regarded as highly idealised.
However, they have been made in order to minimise the
number of parameters in the model.  The lamellar thick-
ness, parallel to the chain axis, is assumed constant. Thus,
the crystals only grow laterally.  In addition, it is assumed
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Figure 1:  Schematic representation of the lamellar stack used
as the basis of the diffraction calculations presented here.  The
lamellae have an approximately square cross section, and are of
uniform thickness parallel to the stack axis.  The widths of the
lamellae are also uniform, and increase simultaneously and at
the same rate. 
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that the lamellae are approximately square in cross-sec-
tion perpendicular to the axis of the stack, and that there
is no crystallographic register between the crystallites.
The positions of the crystalline lamellae are represented
by a 1-dimensional paracrystal, with nearest neighbour
distribution governed by Gaussian statistics [16,17].  The
merits of more sophisticated distribution functions have
been discussed elsewhere [18,19].

The crystals are represented as parallelepipeds, with sides
parallel to the unit cell axes a, b and c, and dimensions
La = Naa, Lb = Nbb and Lc = NcC.  Na, Nb and Nc are

the numbers of unit cells parallel to a, b and c respective-
ly, and must be integers for the following analysis to
apply.  The unit cell parameters for iPP were taken from
ref. [20] to be a = 6.65 Å; b = 20.96 Å; c = 6.50 Å; α = γ
= 90° and  β = 99.33°.  In the results presented below, Nc
was taken to be 20 unit cells, and the ratio of Na = 3Nb
was maintained so that La ≈ Lb .  Nb was varied between

1 and 20 unit cells, corresponding to a variation in crystal
width between ca. 20Å and ca. 400Å.

The scattered X-ray intensities were calculated from first
principles and normalised by the number of lamellae in
the stack, in order to ensure that the calculated values
were directly comparable between small and wide-angle
regions.  However, the intensity units quoted are not
absolute, because no account was taken of the number of
lamellar stacks per unit volume.  Further, in order to
ensure comparability with experiment, additional geo-
metric correction factors were applied.

Wide-angle scattering calculation
The wide angle scattering from a single lamella was
obtained by explicitly summing the scattered amplitudes
from all of the unit cells in the crystal [21]. The resulting
expression was multiplied by its complex conjugate and
averaged over all polarisations of the incident radiation to
give:

where s is the scattering vector, related to the scattering
angle by s = (2/ λ)sin θ, and Ie is the classical scattering
from a single electron, which decays as the inverse square
of the distance from the sample to the detector.  This rela-
tionship is of importance when comparing the intensities
measured by the small and wide-angle detectors, which
are normally at quite different distances.  F(s) is the struc-
ture factor for a particular scattering vector, calculated
from atomic coordinates for iPP, assuming the C c space
group [20].  The exponential factor in equation (1) is a
temperature factor which accounts for thermal motion.  At
room temperature, an appropriate value for B is 8.5 Å2

[20].  However, at 145°C, which is the temperature of the
study being considered, B may be modified to 11.9 Å2,
using a harmonic approximation.  The overall reduction
in intensity as a result of this increase in temperature is

around 6% for the main Bragg reflections.

In order to simulate unoriented or powder diffraction
data, the diffracted intensity was integrated over all pos-
sible orientations, giving, for a stack of N independent
lamellae:

The integration in equation (2) was carried out numerical-
ly.  It should be noted that the intensity given by equation
(2) represents the X-ray flux per unit area of the diffrac-
tion circle, and implicitly includes the same Lorentz fac-
tor that occurs in a powder diffractometer experiment,
thus allowing a direct comparison with the experimental
data without further correction.  The extra factor, LWAXS,

takes into account the geometry and sensitivity of the
detector, and will be discussed in more detail below.  

The amorphous contribution to the wide-angle scattering
was not calculated.  Instead, the experimental amorphous
background was fitted approximately using an analytical
function, which was then added to the intensities shown
in the results section.  No account was taken of crystalline
defects in calculating the wide-angle scattering patterns.
Since lattice disorder would be expected to broaden and
weaken the crystalline reflections, the results presented
here should be considered to provide an upper bound on
the expected wide-angle peak intensities.

Small-angle scattering calculation
The form factor of a single lamella is given by:

where V is the volume of a crystal, ne is the number of

electrons per unit volume of the crystal and ∆ρ is the frac-
tional difference in density between the crys-

tal and the amorphous matrix.  At 145oC,
which is the temperature of interest here, the
literature value of ∆ρ is ca. 0.15 [22].  

The lamellar stack was modelled using a 1-dimensional
paracrystal to represent the positions of the centres of
mass of the crystals.  A Gaussian distance distribution
function was employed, with a mean crystal separation

and standard deviations σ = 10, 20 and 40Å.
Results were compared from both infinite and finite
stacks.  For an infinite stack, with N lamellae per unit
length, the scattering is given by [16,17]:

where  H(Z) is the Fourier transform of the nearest neigh-
bour distribution function, and Z is the component of s
taken along the stack axis, which is taken to coincide with
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the crystallographic c axis.  For a finite stack of N
lamellae, the scattered intensity may be written as:

in which P(Z) is given by:

As for the wide-angle calculation, the diffracted small-
angle intensity was integrated over all possible orienta-
tions, to give:

LSAXS is a machine dependant correction factor, and the

integration in equation (7) was performed numerically.

Machine dependent correction factors
Before it is possible to compare the calculated traces for
the small and wide-angle regions of the diffraction pat-
terns, it is necessary to correct for the detector geometry
employed.  The data of ref. [11] were collected at the
simultaneous SAXS/WAXS facility at Daresbury.  The
wide-angle data were collected using a curved Inel 1-
dimensional position sensitive detector, 0.3m from the
sample, and the small-angle data collection used a quad-
rant detector at a distance of 3.5m.  The resolutions of the
two detectors are nominally 0.1° for the Inel detector and
250 µm for the quadrant detector.  It is assumed that the
resolutions can be used to define the active areas of each
channel of the detectors.  The correction factors consist of
the product of the active area in each case, with an atten-
uation factor:

in which l is the aperture of the Inel detector perpendicu-
lar to the knife-edge, and AW and AS are the relevant
attenuation factors, required to avoid saturating the detec-
tors.  Typical values for these parameters are l = 5mm [23]
and AW =0.4 AS [24].  r is the sample-detector distance
relevant to each detector.  It is also assumed that the quan-
tum efficiencies of the two detectors are the same. 

Results
Figure 2 shows SAXS and WAXS patterns calculated for
infinite stacks of iPP lamellae at 145°C, for nominal
crystal widths ranging between 20 and 400Å, using

and σ = 20Å.  The crystal widths indicated on the
graphs are nominal, since the actual widths must be an
integral number of unit cells.  The most striking feature
observed is that the small-angle peak, at s ~ 0.005Å-1 is
much more intense than the main Bragg reflections in the

wide-angle trace.  In fact, for this particular model, the
small-angle peak is ca.5 times more intense than the wide
angle-peaks, for a given crystal width.  This result can be
seen more clearly in Figure 3, in which the intensities of
the small and wide angle peaks are compared as a func-
tion of nominal crystal width.  

The large disparity in the peak intensities raises the ques-
tion of whether it is possible for the small-angle peak to
be visible when the wide-angle peaks are not.  The visi-
bility of the peaks will depend on a combination of the
sensitivity of the X-ray detector and the X-ray counting
statistics.  If it is assumed that the small and wide-angle
detectors have the same sensitivity, it is clear from Figure
3 that the wide-angle peaks will not be visible until some
time after the small-angle peak has appeared.  For exam-
ple, if the horizontal dotted line in Figure 3 represents an
arbitrary threshold, in this case 4 x 103 electron units,
above which the peaks may be detected, then it can be
seen that the SAXS peak will become visible at a crystal
width of ~70Å, while the (110) reflection will not be vis-
ible until ~120Å, as indicated by the arrows labelled (1)
and (2) respectively.

Poor X-ray counting statistics will also affect the wide-
angle traces more than the small-angle ones.  This is part-
ly because of the lower absolute intensity of the wide-
angle trace, but mainly because the crystalline reflections
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Figure 2:  Calculated (a) SAXS and (b) WAXS patterns for infi-
nite stacks of iPP lamellae at 145°C, for nominal crystal widths
between 20 and 400Å, using
and σ = 20Å .  The intensities are given as multiples of the scat-
tering expected from a single electron (electron units), and are
normalised by the number of lamellae per unit length of the
stack, N. (s = (2/λ)sin θ).
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are superimposed on a substantial amorphous halo.  This
means that, when the crystalline reflections are weak i.e.
at early crystallisation times, they may be lost in the noise
resulting from the amorphous background.  This effect is
demonstrated in Figure 4, where the scattering curves
from Figure 2 have been scaled by a constant amount and
random Poisson noise has been added.  The amount of
scaling was chosen in order to get an approximate match
in noise levels between Figure 4 and the published traces.
It is clear from Figure 4, that the visibility of the wide-

angle peaks is profoundly affected by the amount of back-
ground noise present, whereas the small-angle peak, by
virtue of its greater intensity and larger signal-to-noise
ratio, is still clearly apparent.  In the results shown, the
small-angle peak is visible from crystal widths of ~100Å,
while the wide-angle peaks are not visible until the crys-
tal width reaches ~200Å.

Discussion
Model Predictions
From the results shown in Figures 2,3 and 4, it is clear
that the simple lamellar stack model presented here is
capable of producing qualitatively similar behaviour to
that observed experimentally.  The main observation, that
the SAXS intensity is much greater that the WAXS inten-
sity, leads to the conclusion that, as a consequence of the
relative signal-to-noise ratios, there will be situations in
which the SAXS peak is observable where the WAXS
peaks are not.  This conclusion is consistent with the data
of Terrill et al. (Figure 2 of ref. [11]), which, indeed,
shows that the wide-angle traces are noisier, and hence of
lower intensity, than the small-angle ones.  Thus, it
appears that the experimental data may be accounted for
by a conventional model of stacks of lamellae, and that it
is not necessary to invoke a model of spinodal decompo-
sition in order to explain the observations.  This point will
be discussed further below.

It is, in fact, a common observation in published simulta-
neous SAXS/WAXS experiments that the wide-angle data
are noisier, than the corresponding small-angle data (e.g.
see refs. [3,11,13,25]).  This finding must, in part, be due
to the types of detector in use.  For example, Hsiao and
coworkers [25] have studied the sensitivity of the wide-
angle detector on the X27C beamline at Brookhaven
National Laboratory, using model alkane systems, and
have concluded that the lower limit of detection in this
case is 0.56% crystallinity.  These workers have also
reported data similar to ref. [11] for iPP. 

Model Deficiencies
It would be wrong to claim that the lamellar stack model
presented here can provide an exact match to the experi-
mental data.  The model has several deficiencies, and is
certainly not correct in detail.  The main criticism of the
lamellar stack model must be that it is too ideal.  It has
been assumed that the crystals have sharp edges, are all
the same size and grow at exactly the same rate.  In real-
ity, the crystals would be expected to vary both in thick-
ness and in width, and there should be a more diffuse
boundary between the crystalline and amorphous phases.
These factors would lead to changes in the form of equa-
tions (3) and (4) which would affect the small-angle peak
height and width.  Also, the calculated SAXS profiles are
narrower than those of ref. [11], which is a consequence
of the choice of interlamellar distance distribution func-
tion.  More sophisticated models for infinite paracrys-
talline stacks have been discussed at length by several
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Figure 3:  Semi-log plot showing the variation in intensities of
the small-angle peak, and the principal wide-angle reflections in
Figure 2, with nominal crystal width.  The value taken for the
small-angle intensity is the maximum value of the small-angle
peak.  The horizontal dotted line indicates how, for a given
detection limit, the small-angle peak will be detected before the
Bragg peaks are visible.  Arrows (1) and (2) are referred to in
the text.

Figure 4:  Calculated (a) SAXS and (b) WAXS patterns for the
same model as in Figure 2.  The intensities have been scaled and
Poisson noise has been added, as described in the text (s =
(2/λ)sin θ).
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other authors [18,19,26-30] and it is clear that there is
scope for considerable modification to both the width and
the overall shape of the small-angle peak.  The most like-
ly outcome of any such refinement to the model would be
to broaden the peak and slightly diminish its intensity.

The results shown in Figures 2 to 4 were based on the
assumption that the stack of crystals was of infinite
extent.  However, inspection of electron micrographs sug-
gests that a stack of between 5 and 10 lamellae would be
more appropriate.  The effect of stack size on the small-
angle peak intensity is illustrated in Figure 5.  For a given
variation in interlamellar spacing (σ = 20Å) the peak
intensity falls by about one third and the width increases
by about 50% on reducing the size of the stack to N=5.  A
smaller change is observed for N=10.  The peak shape is
also sensitive to variations in σ, and it can be seen, that
small decreases in σ can lead to significant increases in
the peak height.  Thus finite and infinite stack models
produce similar predictions for the small-angle peak
intensity, with the exact intensity and peak shape being
sensitive to the choice of N and σ.  Any realistic model
should include a distribution of stacks with different val-
ues for N,  σ and z, as was invoked to explain the SAXS
data from polyethylene [31].  

Other deficiencies in the model, include the lack of lattice
distortions, mosaic structure and other forms of disorder,
which would broaden and weaken the wide-angle peaks
without affecting the small-angle peaks, and uncertainties
over the exact sensitivities and quantum efficiencies of
the detectors used experimentally.

Spinodal Analysis
Although the intensities shown in Figure 2a were gener-
ated on the assumption of a uniformly growing lamellar
stack, it is interesting, nevertheless, to analyse them as if
they resulted from a Cahn-Hilliard model of spinodal
decomposition [32,33].  The Cahn-Hilliard analysis con-
sists, essentially, of looking for a peak in the graph of R(s)

versus s, in which R(s) is the growth rate of the logarithm
of the scattered intensity:

It is interesting to consider whether the present model
could produce such a maximum. 

The discussion will be limited, initially, to the intensity
distribution along the crystallographic c* axis.  In this
case, we may write, in place of equation (5):

where:

and V(t) is the time-varying volume of crystals.  Taking
logarithms, we have:

from which it is clear that the growth rate will be inde-
pendent of s, irrespective of the crystal growth kinetics.
The separation of variables in equation (12) occurs
because the form factor, G(s), is independent of time.
This is only true along the c* axis: in other regions of
reciprocal space, we have an additional factor due to the
crystal width, of:

in which Na and Nb both increase with time.  However,

the process of orientational averaging leads only to a
weak dependence of growth rate on s, as shown in Figure
6.  In the figure, it is assumed that Na and Nb increase lin-

early with time, and R(s) is calculated by performing a
least squares fit to the scattered intensities from the earli-
est part of the growth process (i.e. from 20 to 100Å).  For
a spinodal process we would expect the peak to be con-
siderably more obvious.

It would appear that the only way to obtain a true maxi-
mum in R(s) is if the form of the small angle scattering
factor, G(s), changes during the initial development of the
stack.  This could result for example from changes in the
thickness, or density, as the lamellae are initially estab-
lished.  Indeed there have been several recent studies
which have followed the development of the crystalline
morphology in polyethylene from isolated lamellae to
well defined stacks [34-37].  However, such refinements
would be difficult to include in the current model in any-
thing other than an ad hoc manner, and will not be con-
sidered further here.

Interpretation of Simultaneous Small and Wide-angle X-ray Scattering Data

Figure 5:  Small-angle peak profiles for several different lamel-
lar stack models.  In all cases, the mean interlamellar spacing, z,
is 200Å, and the crystal width is nominally 300Å.
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Thus the model, as presented, is able to reproduce the key
feature of the experimental data i.e. the presence of a
small-angle peak in the absence of wide-angle peaks, but
cannot explain the experimental growth kinetics without
further development.

Conclusions
X-ray scattering calculations have been performed, based
on a simple model of a stack of growing crystalline lamel-
lae of iPP.  The model indicates that it is possible to
observe the main interlamellar peak in the small-angle
scattering pattern at early times in the crystal growth,
when the wide-angle crystalline reflections are too weak
to be observed over the background noise.  The model can
therefore explain the lack of crystalline reflections in
experimental data from quiescent crystallisation studies
of iPP, without the need to invoke spinodal decomposi-
tion.  However, the uniformly growing lamellar stack
model, as presented here, is too simplistic to reproduce
the early-stage growth kinetics reported by Ryan and
coworkers [10-12].  A more complete model would need
to consider the initial stages of the development of order
in growing crystals in more detail.
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